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Abstract
A face-cycle of a polyhedron in R3 is a cyclic sequence of at least three, distinct faces of
the polyhedron such that each consecutive pair of faces have a common edge. We prove that
for any face-cycle cut out from a (cardboard) convex polyhedron, it is impossible to unfold the
face-cycle to lie at on the plane. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let M be a compact (possibly nonconvex) polyhedral surface in R3 with or without
boundary. In other words, M is a compact 2-manifold (with or without boundary) that
is the union of a nite number of polygons in R3. A face-cycle of M is a cyclic
sequence
F1; F2; : : : ; Fn (n>3)
of distinct faces Fi of M such that Fi and Fi+1 have a common edge for i=1; 2; : : : ; n
with n + 1  1. A face-cycle is called developable if, regarding the face-cycle as a
cardboard surface, we can unfold it to lie at on the plane. It may overlap itself. Notice
that a nonconvex polyhedral surface can have a developable face-cycle. Then, can (the
surface of) a compact convex polyhedron have a developable face-cycle? Let us prove
the following theorem by applying the Gauss{Bonnet formula for polyhedral surface.
Theorem 1. A compact convex polyhedron has no developable face-cycle.
A net of a polyhedral surface is formed by cutting it along certain edges and un-
folding the resulting connected set to lie at on the plane. It may overlap itself.
Corollary 1. A net of a compact convex polyhedron contains no face-cycle.
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2. The Gauss{Bonnet theorem
Let M be a compact (possibly nonconvex) polyhedral surface in R3 with or without
boundary. The boundary of M (possibly empty) is denoted by @M and int(M) stands
for M − @M . By a face-angle, we mean an angle of a face of M . For a vertex v
of M , let (v) denote the sum of those face-angles whose vertex is v. If v2 @M , the
exterior angle (v) of @M at v is dened by (v)= − (v). Let K(v)= 2− (v) for
v2 int(M). The Euler{Poincare characteristic of M is denoted by (M).
The following theorem is well known as the polyhedral analogue to the Gauss{
Bonnet theorem.
Theorem 2 (Bancho [2], Gluck et al. [3] and Polya [4]).
∑
v2@M
(v) +
∑
v2int(M)
K(v)= 2(M):
A simple and elementary proof is given in Polya [4]. Though he treated only convex
polyhedral disks, his argument works for general polyhedral surfaces. Bancho [2]
proved this result by using polyhedral analogue to the Morse theory. Gluck et al. [3]
gave, besides a proof of the above theorem, a proof of the converse to the above
theorem.
Since the Euler{Poincare characteristic of a 2-sphere is 2, we have the next corollay.
Corollary 2. If M is (the surface of) a compact convex polyhedron; then
∑
v2M
K(v)= 4:
3. Proof of Theorem 1
A polygonal curve is called regular if no three line-segments meet at a point. Thus,
if a regular polygonal curve intersect itself at a point p, then p is a double point, and
only a pair of line-segments cross each other at p.
Let   be an oriented, regular, closed polygonal curve in the plane. The interior angle
of   at a vertex v is dened to be the left-side angle at v as we trace the curve along
the given orientation. The exterior angle of   at v is dened to be  | [the interior
angle at v]. The total change of directions T = T ( ) of   is the sum of the exterior
angles at v for all vertices v of  .
The next lemma will be easy.
Lemma 1. Let   be an oriented; regular; closed polygonal curve in the plane. Then
T ( )= 2n for some n. If   has no double points (that is;   is the perimeter of a
polygon); then T ( )= 2 or −2 accordingly as the orientation is counter-clock-wise
or clock-wise.
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Fig. 1. Elimination of a double point.
Lemma 2. Let   be an oriented; regular; closed polygonal curve in the plane. If
T ( )  0 (mod 4); then   has an odd number of double points.
Proof. For a collection F of oriented closed curves, the total change of directions of
the family F is dened by T (F)=
∑
 i2F T ( i). Now, since T ( )  0 (mod 4); the
curve   has at least one double-point. For each double point, modify the curve in a
neighborhood of the double point in the way as indicated in Fig. 1, and eliminate all
double points.
Notice that by these modications, the total change of directions T is unchanged.
An elimination of a double point either splits a curve into two curves or unites two
curves into a new curve. Hence, by eliminating a double point, the number of curves
changes its parity. Let k be the number of curves after the double points are all
eliminated. Since the total change of directions of a simple closed curve is 2, and
since T  0 (mod 4); the number k must be even. Since we start from a single curve,
and nally reach an even number of curves, the parity change must have occured an
odd number of times. Therefore, the number of double points in   is an odd number.
Lemma 3. Consider a circuit of roadway with only two-level crossings. If the number
of two-level crossings is odd; then the both sidewalks (shoulders) of the roadway form
a pair of linked closed curves.
Proof. First, note that since the roadway is an orientable surface, the two sidewalks
of the roadway are indeed two disjoint closed curves. Denote them by  1;  2. The
mod 2 linking number !( 1;  2) of the two curves  1;  2 is dened to be the number
of times (mod 2) that  1 crosses over  2. It is known that if !( 1;  2) 6= 0, then the
two curves  1;  2 are linked. (For the linking number, see e.g., [1].) It is not dicult
to see that each (two-level) crossing of the road contributes 1 to !( 1;  2). Since the
number of crossings is odd, we can deduce that !( 1;  2)= 1. Hence, the two curves
 1;  2 are linked.
Proof of Theorem 1. Let C be a face-cycle of a compact convex polyhedron M .
Let   be a connected component of the boundary @C. Since M is homeomorphic
to a sphere,   divides M into two parts. Let W be the one that contains C. Then
@W =  and (W )= 1. By Theorem 2, the sum of exterior angles of @W is equal
to 2 −∑v2int(W ) K(v). Since M is convex, K(v) is positive for every v2M . Since
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∑
v2M K(v)= 4 by Corollary 2, we have 0<
∑
v2int(W ) K(v)<4. Therefore, −2<∑
v2@W (v)<2. Suppose that C is developable, and let  0 be the planar curve corre-
sponding to   when C is unfolded to lie at on the plane. Then, for some orientation
of  0; T ( 0) is equal to
∑
v2@W (v). Since −2<
∑
v2@W (v)<2, it follows by
Lemma 1 that T ( 0)= 0. Now, let R be a very narrow neighborhood of   in C home-
omorphic to   [0; 1]. Let  be the boundary curve of R dierent from  . Then, since
  bounds a topological disk M − int(W ) which is disjoint from , the two curves
  and  are not linked. Unfold C to lie at on the plane, and regard the part R0
corresponding to R as a circuit of roadway. Since T ( 0)= 0,  0 has an odd number of
double points by Lemma 2. Since R is very narrow, we may assume that the roadway
R0 crosses itself when  0 crosses itself. Thus the number of crossings of the roadway
R0 is odd, and hence the two sidewalks of the roadway R0 form a pair of linked closed
curves by Lemma 3. This implies that   and  are linked, a contradiction. Therefore,
C is not a developable face-cycle.
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